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Abstract

Classical meter theory, derived from European, notation-based musical practice,
requires notionally absolute isochrony. This article proposes a more flexible concept of
rhythmic frequencies (or periodicities) represented by continuous functions over time,
and develops rhythmic theory from it that is more global in scope. A rhythm is a good
fit to a given frequency if its onsets are close to peaks of one of these functions, without
having to precisely coincide. This provides some useful tools for understanding proper-
ties of rhythms and how different rhythms interact, including the rhythmic spectrum
which shows all the frequencies present in a thythm. Maximally even rhythms like the
African standard pattern and tamborim rhythm of samba, are those which maximize a
given frequency for a given grid, and often function as basic rhythms (e.g. “timelines”
or claves) in many musical traditions, as do other rhythms, like the “Bo Diddley”
rhythm and Clave Son, with strong representation of a single frequency. When rhythms
expressing nearby frequencies are combined, they interact to produce slow phase shifts
over longer cycles, a feature of timeline rhythms, and also more complex isorhythmic
designs in, for example, the late music of Gyorgy Ligeti, and recent jazz compositions
by Dave King and Miles Okazaki.

Keywords: clave; Fourier transform; Gyorgy Ligeti; maximal evenness; meter theory; Miles
Okazaki; polyrhythm; timeline rhythms.

Résumé

La théorie métrique classique, issue de la pratique musicale européenne fondée sur
la notation, implique la notion d’une isochronie absolue. Cet article propose une
conception plus souple des fréquences rythmiques (ou périodicités), représentées par
des fonctions continues dans le temps, de maniere a développer une théorie rythmique
plus large dans sa portée. Un rythme s’accorde bien avec une fréquence donnée
si ses attaques se situent a proximité des pics de I'une de ces fonctions, sans devoir
nécessairement coincider de fagon exacte. Cette approche offre des outils utiles pour
comprendre les propriétés des rythmes ainsi que la maniere dont différents rythmes
interagissent, notamment le spectre rythmique, qui montre ’ensemble des fréquences
présentes dans un rythme. Les rythmes optimalement répartis, tels que le « rythme
africain standard » (African standard pattern) ou le rythme de tamborim dans la samba,
sont ceux qui maximisent une fréquence donnée pour une grille donnée, et servent
souvent de rythmes fondamentaux (par exemple, des « timelines » ou des claves) dans
de nombreuses traditions musicales. Il en va de méme pour d’autres rythmes, tels
que le « rythme Bo Diddley » ou la clave son, caractérisés par une forte représentation
d’une fréquence unique. Lorsque des rythmes exprimant des fréquences proches sont
combinés, ils interagissent pour produire de lents déphasages sur des cycles plus longs —
une caractéristique des rythmes timeline — ainsi que des conceptions isorythmiques plus
complexes que 1’on trouve, par exemple, dans les derniéres ceuvres de Gyorgy Ligeti et
dans certaines compositions récentes de Dave King et Miles Okazaki.

Mots clés : clave ; Gyorgy Ligeti ; Miles Okazaki ; polyrythmie ; maximal evenness ;
rythmes timeline ; théorie métrique ; transformée de Fourier
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NOTATION, METER, AND THE CONCEPT OF RHYTHM

When we talk or write about rhythm, we are likely to take for granted that we
know what the object of study, rhythm, is. We usually treat it, for example, as a kind
of musical parameter having to do with the placement of notes in time, and which
can be independently abstracted from timbre and pitch. This is very clear in musical
notation, which uses an independent array of symbols for indicating timepoints
of attack and release. However, we imagine also that rhythm describes a property
of sound and of musical actions, and there it is not immediately apparent that
the separation of parameters is so straightforward. Rhythm also involves ideas of
regularity and patterning, which we capture by giving a concept of meter a prominent
place in our understanding of rhythm. Our conceptualization of meter is highly
determined by the European music notational system and the formal properties of
its system of rhythmic symbols. These habits are so engrained that they feel natural,
and it is hard to achieve a perspective from which we can question and critique them.
But it is not automatic that the formal system for notating rhythms also adequately
describes rhythm as a property of sound, musical action, or the mental representa-
tions of a musical participant. The notational system is designed as a prescriptive
tool, optimized to instruct musicians in how to play a particular piece (Seeger 1958).
Theorists and musicologists use notation as a descriptive tool, a task for which it is
not designed. If the requirements of notation as a prescriptive tool conflict with this
descriptive function, the design will favour the prescriptive function.

The purpose of this article is to propose a way of viewing rhythm in frequency
space that gives us new way of looking at pattern and regularity in rhythm, freed from
some of the implicit features of the traditional concept of meter. I begin by observing
some of the descriptive inadequacies of the European notational system, focusing
especially on the feature of time discreteness. A natural reaction to this shortcoming is
to retrofit standard notation with “microtiming deviations.” The flaw of time discre-
teness however is not just one of descriptive adequacy, but also that it leads to proble-
matically time-discrete conceptions of meter. I therefore propose a time-continuous
conception of meter based on simple periodic functions. In this theory “microtiming”
or “expressive timing” are not categorically distinguished from rhythm and meter,
but affect thythm and meter at a different place in the frequency continuum than
the kinds of differences more commonly reflected in standard notation. I go on to
develop tools from this model—spectra and two-dimensional frequency spaces—and
show how these can reveal aspects of maximally even rhythms, microrhythm, and
interactions of neighbouring periodicities that are intractable from the traditional
time-discrete perspective. These tools have been described before (Amiot 2016;
Yust 2021a-b) but I explain them from a somewhat different starting point here, in
order to emphasize theoretical aspects important to the topic of meter.

To be clear, however, my critique of notation-based theories of meter here is not
a broad totalizing critique of the use of notation as a descriptive tool. There is a
strong history in ethnomusicology, for instance, of critiquing transcription using
European notation as a perpetuation of colonialist practices (Marian-Blasa 2005;
Allgayer-Kaufmann 2010). Such arguments can overreach to deny a potential tool
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to practitioners of a musical tradition in the name of fictitious cultural purity, an
attitude that, ironically, can itself be colonialist (Agawu 2003, pp. 48-53). Some of
my points here might apply to the use of European notation in transcription, parti-
cularly when it results in attempts to determine the meter of musical performance
where the practitioners do not use notation. However, the argument is principally
about the transfer of formal properties of metrical notation to the theory of meter,
and is not a broadside on all descriptive uses of notation.

As an example to reveal some of the biases and descriptive inadequacies of
standard notation, let us begin with a famous rhythm that plays an important role in
the history of rock music, “the Bo Diddley.” This rhythm comes from the eponymous
first single of the eponymous R&B musician, recorded in 1955.

Media 1: Audio example of “The Bo Diddley rhythm”. Listen to Media 1.

The song has no real chord progression, no distinct memorable melody, and
throwaway lyrics. Its value and identity all derive from its rhythm. This is a rhythm
that would become closely identified with Bo Diddley himself, as the name implies.
Many readers will know something about this rhythm but some, perhaps, may never
have heard of it. How then do I show those readers what the Bo Diddley rhythm
1s? Of course my first impulse as a music theorist is simply to provide some musical
notation and label it as “Figure 1,” with the caption “the Bo Diddley rhythm,”
thereby identifying “the rhythm” entirely with features that can be extracted from the
notation. To a rock musician, however, the concept of the Bo Diddley rhythm may be
transmitted without use of notation, by listening to or watching Bo Diddley perform
his song, or perhaps demonstrating the rhythm to another musician on the guitar. The
rhythm would naturally be understood to not depend on such things as what chord
the guitar is tuned to (pitch) or what type of guitar it’s played on (timbre). However,
there may still be “microrhythmic” features expressed in this performance not
captured in the notation. (The concept of microrhythm itself depends upon notation,
which is the reason for my scare quotes here. I will discuss this issue in more detail
below.) The rhythm is also associated with a distinctive strumming pattern on the
guitar which would be lost in our notation. We might note that in Bo Diddley’s song,
the drummer, Clifton James, also plays the Bo Diddley rhythm. In fact, according to
James, he first suggested the rhythm to Diddley (James and Fish 2015). This abstracts
the rhythm from instrumentation—although, to be sure, not entirely from timbre.
Listening closely to what James plays in recordings of the song, his pattern of accen-
tuation and different drum stokes mirrors in many ways Diddley’s pattern of up and
down strumming.

Being able no longer to beg the patience of the reader eagerly anticipating Figure 1,
I will compromise by offering an Figure 1 that represents the rhythm as a waveform,
a spectrogram, as points on a timeline, and as notation, which should make it clear
that none of these representations is adequate. The waveform and spectrogram come
from James’s drumming that introduces “Bo Diddley” in the alternate take from
the 1955 Chess records recording session.
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Media 2: Clifton James playing the “Bo Diddley rhythm” as a spectrogram.

James plays with a distinctive pattern of right-hand left-hand alternation along
with alternation of stronger strokes to the centre of the tom and weaker strokes closer
to the edges, which reflect the down and up strokes that Diddley will use when he
plays the rhythm on guitar. The stronger strokes also vary in timbre depending on
how much James allows the drum to ring, especially on the louder, more timbrally
rich strike at the end of the measure. All these differences are visible to some extent
in the spectrogram.

Musical notation is clearly limited in what it can show about the timbral and
dynamic variations of different onsets, with accent markings and possibly other kinds
of expressive indications doing what work they can. In the example, accents denote
the stronger right-hand strokes, but other strokes also differ in how they are played.
The idea of “the rhythm” abstracts away from some of these features but not all.
Because the sounds of the drum are impulsive, this example at least permits us to
maintain the fiction that a rhythm consists of a set of timepoints; that fiction would
be more exposed by inquiring into the rhythm of the vocals, for instance. Nonetheless,
it remains a fiction: even in a drumming pattern, the onsets of the pattern occupy
finite timespans at some level. Also, we identify the Bo Diddley rhythm not only
with this instantiation, but many repetitions of the rhythm by performers in many
performances of this song and in others, and there clearly is some range of variation
in precisely performed timing within the larger set of good representatives.

Figure 1: The Bo Diddley rhythm as a waveform, a spectrogram, points on a timeline, and notation.
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Putting those matters aside for the moment, the musical notation in Figure 1
is inaccurate in its representation of the performed timing of the drum strokes,
especially of the second, third, and fourth accented strokes of the pattern, which
come earlier than the notation implies. One way to address this, when using
notation as a descriptive tool, is simply to write the deviations as fractions of the
beat duration under the notes that are played earlier than the notation implies. The
method effectively factorizes the rhythm into the isochronous part representable in
the notation and the deviations from that. Fernando Benadon (2024), many of whose
arguments about the inadequacy of isochronous models of rhythm I echo here,
uses a related approach of specifying non-integer proportions between successive
timespans under otherwise temporally inaccurate notation. This idea of notation/
microrhythm factorization is the basis of a large and productive research area within
music psychology on expressive timing. Expressive timing is defined as deviation
from the “metronomic” or “deadpan” timings theoretically implied by notation
(Sloboda 1983; Bisesi and Windsor 2018). While this literature has been valuable for
understanding performed rhythm, by requiring us to treat the metrical periodicities as
absolute and fixed, it might be obscuring interactions of the precise timing with other
periodicities.

Another possible strategy for representing timing deviations is to alter the notation
to better approximate them, as in Figure 2. Although this kind of strategy is rarely
if ever used in any serious way to study timing, it is revealing to ask why such an
accommodation seems unrealistic. One could certainly make the argument that
notation is able to approximate any desired rhythm to any desired finite level of
accuracy. Notation like Figure 2 illustrates that such precision comes at a cost when
the notation becomes overly complex. Perhaps what a musician will first notice
about such notation is its unplayability. The purpose of the notational method of
subdivision, after all, is prescriptive: it shows a player or singer how to count out the
rhythm. At a certain point, the temporal divisions implied by the notation become
too fast to count, and slowing down the tempo to learn a part can only accomplish
so much. It is implausible prima facie that much of the information represented in
Figure 2, such as the exact subdivisions used, could represent anything meaningful
about Clifton James’s musical actions or a listener’s perception of them.

— = = =
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Figure 2: Alternate notation for the Bo Diddley rhythm, attempting to represent its timing more accurately in
notation.

The notational complexity that that we perceive in Figure 2, the irrelevant
information provided by the notation, is directly proportional to the level of precision
that we demand of the notation. Notational complexity can be construed as the
number of timepoints theoretically implied by the notation, ones that a musician
would need to silently count to produce the rhythm in addition to those correspon-
ding to actual onsets. This is a consequence, more abstractly, of the discrete time
aspect of notation. “Discrete time” means that the notation posits a finite number
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of timepoints, which are by definition dimensionless, infinitesimal.! This has conse-
quences for adequately defining what it means for two such points to be close together
or far apart in time, because discrete descriptions limit the ability to represent the
space between them.

One prominent example of the limitations of a discrete, rational-number
model of time is the study of swing ratios in jazz (Friberg and Sundstrém 2002;
Benadon 2006, 2009, 2024; Honing and de Haas 2008). Musicians may sometimes
explain swing using a rational-number model, for instance saying that the eighth
notes of a swung rhythm have a triplet feel (a 2:1 ratio), or that a certain musician
plays a dotted-eighth/sixteenth (3:1) swing instead of a triplet swing. This method
quickly becomes useless when trying to express the fact that, for instance, the average
swing ratio is between 1:1 and 2:1, or that swing ratios generally decrease as tempo
increases. Although it is possible to notate a swing ratio, say, between 1:1 and 2:1
(e.g. using quintuplets), an increase in precision is only achievable through a corres-
ponding increase in complexity. In practical terms, this results in unperformable (and
therefore effectively irrelevant) notation for even modest degrees of precision. In
theoretical terms, to do basic quantitative descriptions such as to average the swing
ratio over a performance, or to define continuous functions such as one from tempo
to average swing ratio, requires real numbers. Timing research therefore treats swing
as a real-valued quantity, not a notatable rational quantity.

Usual conceptions of meter derive from the discrete model provided by musical
notation. The idea of meter involves, most generally, a regularity or periodic
occurrence of rhythmic events. However, the theoretically possible frequencies of
events that might correspond to meter are strictly limited by the discrete-time basis of
musical notation. The discrete-time problem of notation, that is, can be stated equiva-
lently in terms of frequencies: notation lacks a continuum of metrical frequencies
necessary to adequately define proximity relations between frequencies. This fact will
become important in Section 4 below.

In observing problems with the notational fiction of instantaneous timepoints,
I join other theorists who have pointed out the disconnect between this feature of
notation and the real timing of musical performance. Authors such as Danielsen
(2010) and Danielsen, Johansson, and Stover (2023) have proposed beat bins and
related concepts for addressing this disconnect. I will propose a way of relating the
concept of beat bins to the frequency-based approach of the next section through the
Heisenberg uncertainty principle.

SIMPLE PERIODIC FUNCTIONS, FREQUENCY SPACES, AND SPECTRA

These observations lead to the central proposal of this article: an approach
based on simple periodic functions, which are continuous functions of time, as

1 Note that this remains true even though notation can include real-valued tempo indications. These
could theoretically be used to account for timing deviations like those in Figure 1, but the timepoints
designated by the notation remain discrete and infinitesimal, and a similar kind of impractical complexity
results, with tempo changes potentially occurring multiple times within a beat to achieve a certain level of
precision.
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an alternative to the standard discrete-time theory of meter. These simple periodic
functions are the basic elements of the Fourier transform, and in what follows in this
section, I break down the process of the Fourier transform into its individual steps
to help reveal the theoretical implications of each part. Although much of the virtue
of using continuous functions to theorize rhythm and periodicity lies in extending to
applications on timing measurements of performed music, my main focus will be to
demonstrate that the continuous-time approach to periodicity is essential even when
studying the quantized rhythms implied by notation.

Figure 3a shows one of the quantized versions of the Bo Diddley rhythm along
with two simple periodic functions. The first is a cosine function and the second is
a sine function, and both have a periodicity corresponding to the quarter-note beat.
The cosine function tells us when notes are on the beat, with a value of 1, or halfway
between beats, with a value of —1. The function continually oscillates between these
two extremes, so that a note close to the beat will get a positive value, which is higher
as the note gets closer. We can assess the total “on-beatness” of the rhythm by adding
these values together. There is some information missing about the quarter-note
periodicity of the rhythm, though, because a note ahead of the beat gets the same
value as a note the same amount behind the beat. The sine function makes precisely
these kinds of distinctions, with negative values preceding the beat and positive
values following it. The two functions are oblique: the sine function hits zero where
the cosine function has a maximum or minimum, and vice versa. Figure 3b does the
same calculations for a different rhythm, the distinctive ostinato played by the guitar
in another 1955 hit, Fats Domino’s “Ain’t That a Shame.”

Media 3: The distinctive ostinato played by the guitar in Fats Domino’s “Ain’t That a Shame” (1955). Listen to
Media 3.

These two functions thus define a two-dimensional space, as shown on the right
of Figure 3a and b, which takes the evaluation of the rhythm on the cosine function
as a y value and the evaluation on the sine function as an x value.? Every rhythm
has a corresponding point in the space that gives essential information about how it
expresses quarter-note periodicity. The angle of the point clockwise from the positive
y-axis indicates where the balance of its weight falls in the quarter-note cycle. The
distance from zero indicates how strongly it weights that spot. A rhythm in the upper
part of the space is more on-beat, and in the lower part more off-beat. A rhythm
on the left side of space has its weight more ahead of the beat, on the right side
behind the beat. Circling the space one time corresponds to a continuous traversal
of the quarter-note span. The Bo Diddley rhythm is at 180°, which means that its
weight is on the off-beats, not favouring early or late, and it has the modest size of 1
because of its mix of on- and off-beat notes. Fats Domino’s rhythm, in contrast,
gives a much larger vector, and one that points up, showing that it is strongly on beat.
This is because the guitar plays on every beat and the distinctive triplet swing of the

2 This is contrary to the usual mathematical convention which would plot the cosine value on the
x-axis and the sine value on the y-axis. Putting the cosine on the y-axis produces the familiar music-theo-
retic “clockface” convention, with 0 pointing up.
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off-beat notes prevents them from fully cancelling out the on-beat notes. It also points
to the left, because the off-beat notes are always ahead of the beat.
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Figure 3a: Analysis of the Bo Diddley rhythm at the frequency of the quarter-note beat (f).
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Figure 3b: Analysis of the “Ain’t That a Shame” guitar riff at the frequency of the quarter-note beat (f)).

We can use the same method to analyze other frequencies of a rhythm. For
instance Figure 4a-b evaluate the Bo Diddley and “Ain’t That a Shame” rhythms on
the half-note periodicity. Since the measure is a complete cycle, this is frequency 2
(1/2 measure), or f,, while the quarter-note periodicity is f, (1/4 measure). Bo Diddley
is equally balanced between on and off the half-note beats, but it is more behind
the beat, as shown by the positive x value. The “Ain’t That a Shame” riff does not
articulate the half-note periodicity as strongly as the quarter-note periodicity, because
the notes on quarter-note beats totally balance out. The off-beat notes, however, tend
to be closer to, and ahead of, beats 1 and 3, so the vector again points up and to the

left.
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The two frequencies we have just considered relate to traditional metrical levels,
and shows that the Bo Diddley rhythm (unlike the “Ain’t That a Shame” riff) does not
articulate these very strongly. But the method is not limited to metrical periodicities.
In Figure 5 the periodic function divides the measure by three. Only one of the peaks
of such a function can be aligned with the eighth-note grid, but this is not a problem
since the function is defined at every point in time. Onsets that positively weight the
cosine function most strongly are those that are a dotted eighth-note away from the
downbeat in either direction. The Bo Diddley rhythm also weights very weakly on f,.

In f, the rhythm has a mixture of on-beat and after-beat qualities, so that its
vector points at a 45° angle. This angle corresponds to a phase shift of the sinusoidal
functions. By sliding the cosine function ahead by one-eighth of the f, cycle as in
Figure 5b, we can capture all the energy of the rhythm at this frequency in a single
sinusoidal function.

Frequency 5, a division of the measure into 5 subcycles, also gives a vector at a
45° angle from the axes of the space, but this one is much larger than any of the others,
as shown in Figure 6. This means the Bo Diddley rhythm has much more energy in
this frequency than any of the others we have considered. This reflects a general fact,
that a rhythm distributes its “energy” among the available frequencies, so a rhythm
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like the Bo Diddley that lacks metrical frequencies must have a prominent non-me-
trical periodicity. The phase shifted sinusoid shows the even division of the measure
by 5 that the rhythm best approximates. Two peaks of this phase-shifted function line
up with the third and fourth onsets of the rhythm, showing that these are central to
the f, quality of the rhythm.
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Figure 5. f, of the Bo Diddley rhythm in two-dimensional f, space (a) and as a single phase-shifted sinusoid (b).
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Figure 6b: f; of the Bo Diddley rhythm as a single phase-shifted sinusoid (b).

The last two frequencies that we have considered, where the peaks do not line up
with the eighth-note grid, do not correspond to anything in the traditional theory
of meter. They may perhaps resemble the idea of a polyrhythm, but traditionally it
only makes sense to speak of a polyrhythm when the onsets line up precisely with
the conflicting divisions. One reason to pay attention to these off-grid frequencies
1s that they are part of the total information content of the rhythm. For a rhythm
on a discrete grid of # timepoints per cycle, the frequencies from 1 to n/2 give a
complete description.® Another reason is that one of them might be the principal
frequency component of some rhythm of interest, such as the Bo Diddley rhythm.
As we have seen, this rhythm does not weight very heavily on any traditional metrical
frequencies but does have a very strong f. Off-grid frequencies are characteristic of
rhythms associated with groove and clave or timeline rhythms.

One of the problems we initially encountered in defining the Bo Diddley rhythm
was that certain aspects of the varying loudness and timbre of the onsets seemed
to be essential features. The usual critical approach to the Bo Diddley rhythm is
to equate it with the Cuban son clave rhythm, shown in Figure 7. There is some
rationale to this claim, but it can also be misleading, because it misses some distinct
features of the Bo Diddley rhythm, like the characteristic strumming pattern. There
are four main accents in Bo Diddley’s rhythm, and they line up with four of the five
notes of clave. Figure 7 plots these in the £, space, along with two versions that apply
the observed timing deviations from the beginning of the alternate studio take. All of
these are relatively close together in the space, which reflects the fact that when using
continuous functions to analyze a rhythm, small changes in the rhythm translate
into relatively small displacements in the space. Therefore we can say that one of
the characteristics of the Bo Diddley rhythm that remains stable over variations
preserving the rhythm’s identity is a strong f; in the upper left quadrant, centred on
the second and third notes of the clave rhythm (meaning that peaks of the function
at the bottom of Ex. 6 line up closely with these onsets). This explains why we might
choose the clave rhythm as the best representative, since it has exactly one onset for
each of the peaks of the f, function. (For instance, in Diddley’s famous appearance
on the Ed Sullivan Show in 1955, the audience claps along with “Bo Diddley” in
a clave rhythm.) The second onset of the clave rhythm increases the size of f, from

3 The calculations described here are the basis of the Fourier transform, which I use throughout this
article. The assertion here is one of the fundamental Fourier theorems (invertibility). Many existing
publications, such as Amiot 2016 and Yust 2021a-b, describe in detail the use of Fourier transform on
rhythm.
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the four emphasized notes while having no effect on the phase, so it makes sense to
include it, since it only intensifies, without altering, the basic quality of the rhythm.
On the other hand, the other unemphasized onsets have a similar effect to the timing
deviations from isochrony, to move the rhythm further into the upbeat zone of the
space.

Son clave 4
Emphasized onsets All All with  gon clave
s onsets  onsets  timing .-
Hi———————F——1——— with ¥ 3

timing

X Four emphasized

onsets
2

Figure 7: Variations on the Bo Diddley rhythm and their locations in f, space.

Relatively small timing deviations like the ones in the Bo Diddley rhythm will
necessarily have a small effect on relatively low frequencies like f, or f.. To state this as
a more precise rule, the deviations that we lose in quantizing to a grid of frequency 7
(here 16), will have limited effects on frequencies smaller than n/2 (8 in this case, the
frequency of the eighth note). Therefore, one consequence of the theory proposed
here is that the metrical significance of such distinctions of timing depends simply
on how large a frequency range we consider to be relevant to “the meter.” In the
previous section, I noted the affinity of the present approach to the beat bin idea
of Danielsen (2010) and Danielsen, Johansson, and Stover (2023). Without going
into too much detail, the obvious logical representation of the beat bin idea (though
not proposed specifically by Danielsen herself) would be a Gaussian function, which
can vary in width to model tighter or looser bins. A basic result of Fourier theory,
the basis of Heisenberg’s uncertainty principle, is that a Gaussian function in time
corresponds to another Gaussian function in frequency, with an inversely related
width. As we tighten a beat bin in time, we expand it in frequency space. As we
loosen temporal precision, we cut off higher frequencies. In other words, tightness of
beat bins is mathematically equivalent to the span of relevant rhythmic frequencies,
with higher frequencies becoming relevant as beat bins narrow.

Another important consequence of continuity of time, however, will primarily
occupy the remainder of this article: even within a theory of meter limited to a
relatively small frequency range (such as frequencies 1-8 here), the time-continuous
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model of periodicity can make smaller distinctions of frequency than a time-discrete
one. The Bo Diddley rhythm, considering just the properties that it retains when
restricted to a sixteenth-note grid (those observable in frequencies 1-8), strongly
favours f, over f,. With standard theories of meter, we can see the weak f, (the rhythm
is highly syncopated at the quarter-note level), but the strong £ is only observable by
switching to an implausibly complex representation (e.g. quantizing to a quintuplet-
sixteenth grid).

To make these kinds of observations, comparing different frequencies, one
additional representational tool will come in handy, the raythmic spectrum. This shows
only the magnitude of each frequency (the distance from zero), ignoring the phase
(angle). Figure 8 gives spectra for all the Bo Diddley variations from Figure 7. The
4-onset rthythm is equally strongly described by a frequency of 3 as it is by a frequency
of 5; however, as more notes are added to it f, is suppressed and f, enhanced. The
microrhythmic variation has a relatively small effect, but when applied to the full
rhythm it further increases f; and decreases f, by noticeable amounts. Applied to the
clave rhythm alone it further weakens f,.*

== Four emphasized onsets
== Clave == All onsets

= = With timing = = With timing

DFT magnitude
N
6]

1 2 3 4 5 6 7 8
Frequency (/1 6)“)

Figure 8: Spectra of different variations on the Bo Diddley rhythm.

MaxmMAL EVENNESS

Manypeoplehavenoticedtheimportanceof maximallyevenrhythmsinmanydifferent
musical contexts (Pressing 1983; Rahn 1996; Toussaint 2013; Osbourne 2014). Often
we find that maximally even rhythms play an important theoretical role beyond
occurring frequently as literal rhythms, such as acting as a clave or timeline rhythm
(Rahn 2021). For example, the tresillo and cinquillo rhythms, maximally even 3-in-8
and 5-in-8, are ubiquitous in Latin American music, ragtime, and other American

4 The reader may also notice the increase in f), which relates to the prominent bipartite division of
clave rhythm that musicians often refer to as the “3-side” and “2-side” (Pefialosa 2012). This is enhanced
by Bo Diddley’s added onsets.
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popular music (Toussaint 2013; Cohn 2016), and the African “standard pattern” is
maximally even 7-in-12.

The idea that the frequency components of a rhythm, as described in the last section,
are important features explains why this might be the case. Maximally even rhythms
are prototypes of the frequency corresponding to their cardinality, meaning they give a
maximum possible value for their cardinality (Quinn 2006-2007; Amiot 2007, 2016).
Therefore when a frequency does not correspond to a simple metrical division of the
cycle, relating a rhythm to a nearby maximally even one is a way of understanding
how it expresses that frequency.

We can generalize this observation to generated rhythms, meaning ones that can be
derived by iteration of a single interval. To see why this is the case suppose we are
interested in rhythms that express a certain frequency as strongly as possible, but we
are also limited to some isochronous grid. If the size of the rhythm does not evenly
divide the frequency, then it is not possible to align the onsets precisely at the peaks of
the curve. For instance Figure 9 shows a frequency of 5 over a sixteen-unit grid. The
best we can do is find the multiple of a sixteenth note that gives the best approxima-
tion to some multiple of the periodicity. Three sixteenth notes is close to a fifth of the
measure. We can add notes at intervals of 3 sixteenth notes above and below 0 to get
the highest values possible on the function, resulting in a generated rhythm. As we
add more notes the onsets get further away from the peaks.

-0.25
-0.5 \

-0.75 ) 1 \ (]

1 N N WL (W) </
Figure 9: Maximizing a frequency through approximation, resulting in a generated rhythm.

The son clave rhythm discussed in the previous section is a good example of a
rhythm that strongly expresses one non-metrical frequency (f) but is not maximally
even. Penalosa (2012) shows how this rhythm belongs to a family of clave rhythms
used in Cuban music, starting with a common African timeline rhythm, shown in
Figure 10. This rhythm is 5-in-12 maximally even, the complement of the “standard
pattern,” and interchangeable with it in many contexts. It and its rhumba clave variant
also appear in many folkloric styles of Cuban music (Pefialosa 2012). Figure 10
shows their spectra extending up to 11, illustrating a mirror symmetry around 7/2
that characterizes the spectrum of any #-gridded rhythm. According to this mirror
symmetry, the magnitudes of f, and f, are constrained by the grid to be the same.
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Rumba clave

Son clave
12}k . — 21 : —]
[ %] . 0 . on |
[ ] |
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502,5
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n
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&
1
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1 2 3 4 5 6 7 8 9 10 1
Frequency (/12.)

Figure 10: Two 5-in-12 maximally even clave rhythms and their spectrum.

The son clave thythm is an approximation of this 5-in-12 maximally even rhythm on
a grid of 16,)s. One can derive it by matching the rhythm on the beats and squeezing
the second and third positions of each triplet division of the 12/8 beat into the third
and fourth sixteenth of every division of the 4/4 beat, as Figure 11 shows.> Musical
contexts that mix the two metrical feels (12/8 and 4/4), can feature continuous
variation of off-beat notes between these positions (Stover forthcoming). The same
transformation applied to the 12/8 rumba clave gives a 4/4 rumba clave which is not

rotationally equivalent to the 4/4 son clave.

Son Clave

[ t [ [ ¢¥\ : \

5 See Penalosa 2012. Interestingly, this timeline, originating as a Cuban modification of an African
timeline, returned to West Africa via American R&B music to become the bell pattern for the Kpanlogo

dance of Ghana in the 1960s (Collins 1992, p. 44; Ladzekpo 1996).
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Son clave Rumba clave

N
)

DFT magnitude
o on

1 2 3 4 5 6 7 8 9 10 M 12 13 14 15
Frequency (/1 6)”)

Figure 11: Derivations of 4/4 son clave and rhumba clave and their spectra — the shading of the dots indicates their
centrality to the f, function shown.

We can understand the effect of these displacements on the f, and f, frequencies of
the rhythms by considering where the mobile notes occur with respect to the periodic
functions. Moving notes central to the function, near a peak, will affect the phase of
the function more and the magnitude less, whereas moving more peripheral notes
will affect the magnitude more. Because the 12/8 clave rhythms are 5-in-12 ME, all
the notes are relatively central to f;, and therefore f, remains large in both 4/4 claves.
However, the displacements of notes are larger relative to the narrower cycles of f.
The son clave differs from the rumba clave in that one of the larger displacements
occurs on a peripheral note (the third onset), and the displacement is away from the
peak, resulting in a marked decrease in the magnitude of f. The “energy” of the
rhythm, however, is constant,® so the magnitude that f, loses must go somewhere,
and the spectra show where: into a nearby frequency, f,, the eighth-note frequency.
In other words, the primary difference between the 4/4 son clave and rumba clave is
that in the former case, the displacement from maximal evenness shifts energy from
/, to the neighbouring f,, resulting in a rhythm that weights heavily on the eighth-note
grid. By contrast, the rumba clave retains a strong f, and could be described as a
subset of a 7-in-16 maximally even rhythm.’

6 More precisely, the power of the rhythm is the sum of the squared magnitudes of the frequency
components, and a fixed cardinality rhythm with all notes equally weighted has a constant power.

7 More specifically, it is second-order maximally even, 5-in-7-in-16. See Douthett and Clough (1991).
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INTERACTION OF FREQUENCIES

The first part of this article argued for modeling rhythmic periodicity with
continuous functions because they are able to reflect temporal proximity. The
importance of temporal proximity for analyzing timing is self-evident, but much of
the discussion above has dealt with rhythms as represented in notation, restricted to
a discrete grid. Nonetheless, the use of continuous functions has made it possible
to analyze rhythms as representatives of frequencies that do not evenly divide the
timepoint grid. We also noted that, because they derive from continuous functions,
frequencies also relate by proximity. One example in the last section, relating different
clave rhythms, indicated the possible significance of proximity between frequencies.
This section considers the implications of frequency proximity more generally.

The previous section mentioned the African standard pattern as an important
rhythm that is maximally even and a prototype of a frequency that does not divide
its temporal grid evenly. The musical significance of this frequency is, at least in part,
its proximity to two metrical frequencies, f, and f.. In West African drum ensembles
that use the standard pattern or related high-f, patterns, the beat corresponds to f,
while f, is an important cross rhythm, what Ladzekpo (1995) calls the “secondary
beat scheme.” Figure 12 shows how Ladzekpo derives the standard pattern from an
alternation of two halves of two 6-against-4 polyrhythms. The alternation of on-
and off-beat 6-beat schemes reflects a slow phase shift between the f, periodicity
underlying the standard pattern and the f, periodicity of the secondary beat scheme
illustrated at the bottom of Figure 12.

Main Beat
Scheme

Secondary
Beat
Scheme

Figure 12: Ladzekpo’s (1995) construction of the standard pattern from two 6-against-4 polyrhythms, and the
equivalent understood as a slow phase shift between a 7-in-12 maximally even rhythm (standard pattern) and an
isochronous rhythm of 6 beats per measure (secondary beat scheme).

Ladzekpo describes the aesthetic effect of this kind of cycling of in-phase and
out-of-phase with reference to the 3-against-2 polyrhythm that results from the
combination of the 4-beat and 6-beat schemes:

Discovering the character of a cross rhythm simply implies absorbing the distinct
texture produced by the interplay of the beat schemes, noting the distinct rate of
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speed with which they coincide or disagree. When the beat schemes coincide, a
static effect (standing still) is produced and when they are in alternate motions an
effect of vitality (fast-moving) is produced. [...]

In aesthetic expression, a moment of resolution or peace occurs when the beat sche-
mes coincide and a moment of conflict occurs when the beat schemes are in alter-
nate motion. These moments are customarily conceived and expressed as physical
phenomena familiar to a human being. A moment of resolution is expressed as a
human being standing firm or exerting force by reason of weight alone without
motion while moment of conflict is expressed as a human being travelling forward
alternating the legs. (Ladzekpo 1995)

The same kind of slow phase shift results from the interaction of the f, of the timeline
with the f, of the beat, as shown in Figure 13.
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Figure 13: Slow phase shift between a 7-in-12 maximally even rhythm (standard pattern) and 4 isochronous beats
(primary beat scheme).

Figure 14: A samba timeline and its slow phase-shift relation to the isochronous eighth-note layer of the meter.

These sorts of slow phase shift patterns result when any two frequencies differ by
a small amount. They have been recognized as a property of strict polyrhythms, for
instance in the convergence-divergence patterns that Link (1994) identifies as a means
by which Elliott Carter derives formal structures from long range polyrhythms. The
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principle is mathematically equivalent to combination tones or acoustical beats in the
pitch domain, where the frequency of the slow phase shift is equal to the difference
between the two interacting frequencies. For example, the 5-against-6 and 4-against-5
patterns go in and out of phase with a frequency of 6 — 5 =5 -4 = 1—i.e., one cycle
per measure. On the other hand, the basic 6-against-4 polyrhythm that Ladzekpo
refers to in the quote above has a frequency difference of 6 — 4 = 2, meaning that the
parts cycle in and out of phase twice per measure.

Gyorgy Ligeti, who experimented with complex polyrhythm in his later works
(such as his sixth and twelfth piano études), also exploited this kind of phasing
between rhythms with prominent non-metrical frequency components. His eighth
piano étude, “Fém,” is based on two rhythms in counterpoint that repeat at different
rates: 18,) in the right hand and 16,) in the left hand.® The rhythms and their spectra
are given in Figure 15, with the spectra scaled to align equivalent frequencies (since
the frequency numbers for the left hand refer to divisions of a 16, cycle and the
right-hand frequency numbers divide an 18.) cycle). The largest (highest magnitude)
components of the left-hand rhythm are f,, f,, and f,, while the largest components
of the right-hand rhythm are f, and f,. The frequency difference between f, in the left
hand and f; in the right hand is 5/18 — 4/16 = 1/36, which means that these two
frequency components go in and out of phase once every 36,), or 3 measures of
12/8. The smaller peak in the right hand at £, is even closer to f, in the left hand, at
8/18 —7/16 = 1/144. Figure 16 shows how these create long patterns of the rhythms
going in and out of phase. It helps to separate the two processes by splitting each
rhythm into the onsets more central to the lower frequencies (f,,,, and f,, ) and the
higher frequencies (f,, ,and f; ). This is shown with colour coding in Figure 16,
where the part of each rhythm primarily expressing the lower frequency is in blue
and the part primarily expressing the higher frequency is in red. Similar local patterns
between the right-hand and left-hand subrhythms represent the proximity of their
characteristic frequencies.

Figure 15a: The two repeating rhythms from Ligeti’s “Fém”.

8 The following analysis expands upon one from Yust 2017.
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Figure 15b: The spectra of the repeating rhythms in Ligeti’s “Fém” — spectral peaks and differences are labelled
with their periodicities.

RH J3,0, 8,00, 70,73, wu JT3,0, 0,073, 73,
fodyy oy G000, 00, A 03,0, 1,0,
Iy 7’“7‘“7‘“7& 3‘“7‘“7‘“73 f7,i 'hv'hv'hv‘h'z:v'h:

Freq. 4 (36-")

—— {/

Freq. 1 (1442)

Figure 16: The two ostinato rhythms from “Fém,” split into subrhythms made up of onsets most central to f,

/16
andf,, . (blue and purple) and f,,  and f, . (red and purple), and a full cycle of the combined ostinati with curves
showing the cycles of coincidence and interlocking created by the interactions of f,, and f, . (blue), f,,  and f,, .

(red), and f;,  andf,, . (light blue).
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On one level, the illustration in Figure 16 helps to explain the overall pattern
of reinforcement and interlocking, which is quite salient. The 36) periodicity
(frequency 4/144)) stands out especially at this level, leading to many coinciding
attacks in mm. 3, 6, 9, and 12, and interlocking patterns in mm. 2, 5, and 11. Another
way to read Figure 16 is to note that where the periodicities of interaction disagree,
the overall rhythm of coinciding attacks is dominated by the quality of whichever
periodicity is positive at that point. For the 36,) periodicity thatisa ,),), , )., , thythm
and for the 144,) periodicity it is a ﬁ., ﬁ.i ﬁ., rhythm. The point of maximum agreement
between all three functions is at the end of the 144,) cycle where the long rest lines up
in the two parts, which Ligeti uses to signal the completion of a cycle.

A similar example appears in the first movement of Ligeti’s Piano Concerto, a
pivotal work (Steinitz 2011). The method here is somewhat more complex because
the two repeating rhythms, shown in Figure 17, involve a difference of subdivision
(triplet eighths vs. duplet eighths) as well as a difference in cycle length (10, in
the percussion/piano part and 12/ in the strings). The resulting 15-measure cycle
is shown in Figure 18. As the spectra in Figure 17 show, the three main peaks of
the strings rhythm nearly coincide with three of the four largest components of
the piano/percussion rhythm, all being at a frequency distance of 1/(60.), corres-
ponding to a full cycle (60, = 15 mm.) periodicity. In addition, distances of 1/(12,)
between the larger values in the spectra of Figure 17 create a noticeable convergence
pattern in 3-measure cycles. Because of the different subdivisions, the slow process of
phasing involves not only prominent coinciding attacks, e.g. in m. 3, but also gradual
transitions through near-coinciding attacks, as in mm. 4-7 and mm. 12-15, to inter-
locking patterns, as in mm. 8-11, where the attacks in one part evenly divide the
spans between attacks in the other.

3 3 3 3 3 3 3 3 3 3

—_— = == ==

Strings (24 D cycle)

DFT magnitude

Perc./Piano (30 D cycle)

0 10 20 30 40 50 60 70 80 90
Frequency(/G()J)

Figure 17: The ostinati from Ligeti’s Piano Concerto, first movement, and their spectra, with large values and
frequency differences between large values labeled by their periodicities.
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Figure 18: A reduced score of mm. 1-15 of Ligeti’s Piano Concerto, first movement, showing only the octave at-
tacks in the piano and the string pizzicato chords — functions below the staff show periodic coincidence-divergence
cycles.

We find similar techniques in works of contemporary jazz composers known for
their rhythmic experimentation. A relatively straightforward example can be found
in the B part of “You Can’'t Say Poem in Concrete” by the Dave King Trucking
Company, shown in Figure 19. The quarter notes of the rock-style backbeat pattern
in the drums (frequency 16/32) interact with the surface rhythm of the guitar peaks
at f,,,., to give a phasing cycle of 8J, half of the full 16, cycle (frequency 16/32 — 14/
32 = 2/32). By a similar mechanism, the harmonic rhythm of the guitar phase-shifts
with the half-note beat over the full 16, cycle.

Media 4: Audio example of the Ostinati of the B and C parts of “You Can’t Say Poem in Concrete” by the Dave
King Trucking Company. Listen to Media 4.
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Figure 19: Ostinati of the B and C parts of “You Can’t Say Poem in Concrete” by the Dave King Trucking Com-
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The C section of “You Can’t Say Poem in Concrete” is based on a repeating melody
in 13/8 which, like the guitar part in section B, is close to maximally even rhythm.
Because of the similarity to maximally even rhythms, both parts have one prominent
peak, and these are associated with very similar periodicities, which we can derive
by inverting the frequency numbers, 32/14 = 2 2/7) and 13/5 = 2 2/5.). When we
consider the slight increase in tempo from about ) = 230 to ) = 236, these periodi-
cities are even closer (from about 101 BPM to 91 BPM). This creates a continuity
between the sections that otherwise contrast rhythmically in fundamental ways,
from a long (32.)) cycle to a short (13,)) cycle and from a relatively sparse rhythm of
quarters and dotted quarters to a faster rhythm in mostly eighths and quarters.

Guitarist Miles Okazaki takes advantage of similar kinds of interactions between
ostinato patterns in his compositions. Figures 20-22 show ostinati that make up the
accompanying parts for “Eating Earth,” written for his Trickster quartet. A way to
simplify these is to regularize the bass part by ignoring the single 1,) correction at the
beginning that Okazaki uses to fit 9 repetitions of the 7.) pattern into 8 measures of 4/4.
The resulting interaction between f, . and f,  gives a phasing cycle of 35)), shown in
Figure 21. Okazaki’s music is full of relatively simple maximally even patterns like
this that repeat at odd rates, combined within a duple metrical framework, so that
the phasing of the patterns both with the metrical context and with one another are
salient. He has also developed methods of rhythm training where practising of these
kinds of patterns is central (Okazaki 2015, 2016).

Media 5: Audio example of the ostinati that make up the accompanying parts for Miles Okazaki’s “Eating Earth,”
written for his Trickster quartet. Listen to Media 5.

Guitar: J\ oh J

Bass:J JJJJJJJJJJJJJJ
P R R A N R R A

Simplified bass: J J J

Periodicities of frequency
differences

DFT mag. (normed)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Freq. (/1)
Figure 20: Ostinati for the bass and guitar for Miles Okazaki’s “Eating Earth” (Trickster, 2017), and their cardi-

nality-normalized spectra, treating the bass part both as a simple 7)-cycle rhythm (ignoring the 1) correction) and
as a complete 64,)-cycle rhythm.

Revue musicale OICRM, volume 12, n° 2


https://revuemusicaleoicrm.org/wp-content/uploads/2025/11/media5eatingEarth.m4a

NOTATION, METER, AND THE CONCEPT OF RHYTHM 75

Guitar: ) J\ S\ P T D R O B i o
Simplifiedbass:J- J J J J J J J J J J J J J J

Figure 21: Guitar ostinato combined with a simplified version of the bass ostinato,
creating a 35, phase-shifting cycle.
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Figure 22: The first 24 measures of ostinati realized in score form. The guitar part is simplified to onsets where the
pitch changes. (The surface rhythm is the complement of this, so it has the same spectrum.) Annotations below the
staff show the 35)) phasing cycles of the 7.) simplified bass pattern and the 5 guitar pattern.
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If we analyze the rhythm including the hiccup that results from the 1) correction in
the bass part, we get the “with adjustment” spectrum in Figure 20. It is a 64, pattern
that approximates an oversampled version of the 7) pattern. The relevant peak
now has a spread, which can be understood as an ambiguity about whether the five
1) hiccups stretch the 35) cycles when they occur or truncate them, as shown in
Figure 22. According to the stretching interpretation, for instance, there are 2 cycles
from the in-phase point in m. 3 to the in-phase point in m. 13, over a little more than
10 measures, representing the frequency of 7/320, 7 convergence cycles over the full
40-measure grand cycle. If, instead, we see mm. 7-9 as a separate truncated cycle, we
get 3 cycles over about 10 measures, representing the frequency 3/80, which results
in 12 convergence cycles over the full 40-measure grand cycle (one more cycle for
each of the five hiccups).

This last analysis illustrates multiple ways in which frequency proximity is
significant, and also relates to the point about Heisenberg uncertainty above. As in
all the analyses in this section (Exx. 12—19), the length of a phasing pattern between
ostinati depends on proximity of frequencies, with longer phasing patterns resulting
from smaller frequency differences. However, in this case there are three possible
ways to interpret the bass ostinato, resulting in three possible ways to measure the
length of the phasing pattern ranging from around 3—6 measures. Proximity between
frequencies also determines these three possibilities: when Okazaki accommodates
the 7)) pattern to fit into a 64.) cycle, the energy of the spectral peak for the 7,) pattern
goes into the two nearest frequencies dividing the 64) cycle. Musically, however,
the distinctions between these interpretations makes little, perhaps even negligible,
difference. This is where the Heisenberg uncertainty principle is helpful. It tells us that
there is a reciprocal relationship between temporal precision and frequency precision.
Distinguishing very close frequencies of 0.281, 0.286, and 0.289 in Figure 20 requires
a very wide temporal window of multiple measures. To the extent that our musical
experience of these interacting rhythms is more localized, the differences between
these frequencies is immaterial. When I invoked the Heisenberg uncertainty principle
earlier, it was to explain how making small temporal distinctions (microrhythm)
requires wide frequency windows; here we see the inverse, how small frequency
distinctions require wide temporal windows.

CONCLUSION

I have only scratched the surface here of the possibilities of a rhythmic theory based
on simple periodic functions. The tools of frequency spaces and spectra come from
the Fourier transform, whose application to rhythm has been explored elsewhere,
along with some of the more mathematical considerations largely sidestepped here
(Amiot 2016; Milne, Bulger, and Herft 2017; Yust 2021a, b; Chiu and Yust 2022).
Although the basic objects of my approach here, frequencies, might seem new, on
some level they are as old as music itself, the same general concept that gives us the
beating hand of the conductor and the measures, beats, and subdivisions of musical
notation. The difference I have highlighted here is that frequencies (or, inversely, perio-
dicities) in musical notation are discrete isochronous timepoint sequences, in contrast
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with the beating hand of a conductor or the sympathetic resonances of the metrically
entrained brain, which, like the simple periodic functions of the theory presented
above, are continuous and oscillatory. While traditional, discrete-timepoint—based
metrical theory prioritizes hierarchically nesting timepoint sequences, problemati-
zing polymeter, an approach based on continuous periodic functions provides tools
for relating all kinds of rhythmic frequencies and can identify non-nesting frequencies
in rhythms without the precise timing distinctions needed to articulate complex
polyrhythms. These include the proximity relations discussed in part 4. Similarly,
the continuous-periodicity approach can handle microtiming without the unbounded
increases in complexity that burden representations in traditional music notation.
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